
Numerical Techniques 

• Numerical Differentiation
• Ordinary Differential Equations
• Numerical Integration
• Root Finding
• Least Squares Data Fitting

Chapter 4 in class textbook



The NIMBUS-7 Satellite Data



Least-Squares Curve Fitting

x

y

f(x)

Data points



Least-Squares Curve Fitting

di

f(x)
yi

x

y

{

xi

Data points



Least-Squares Curve Fitting
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di = yi – f(xi) 

di
2= (yi – f(xi))2

Goal: minimize  di
2



The Least-Squares Technique — Linear Model

@⇧(a, b)

@a
= 0

<latexit sha1_base64="XLJBXVYroZu8s4eALjcmCj1RFGs="></latexit>

@⇧(a, b)

@b
= 0

<latexit sha1_base64="73n0zd4gp2KP1TrZOgSFoNkFTHE="></latexit>

Two equations for 2 unknowns
(a and b)

Let’s find the minimum possible value of               :
<latexit sha1_base64="TNIN9hA+PQmvkHM/eUJKZON277o=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBAiSNiVoB6DXjxGMA9IltA7mSRDZmfXmVkhLPkJLx4U8ervePNvnCR70MSChqKqm+6uIBZcG9f9dlZW19Y3NnNb+e2d3b39wsFhQ0eJoqxOIxGpVoCaCS5Z3XAjWCtWDMNAsGYwup36zSemNI/kgxnHzA9xIHmfUzRWanVqvITnwVm3UHTL7gxkmXgZKUKGWrfw1elFNAmZNFSg1m3PjY2fojKcCjbJdxLNYqQjHLC2pRJDpv10du+EnFqlR/qRsiUNmam/J1IMtR6Hge0M0Qz1ojcV//Paielf+ymXcWKYpPNF/UQQE5Hp86THFaNGjC1Bqri9ldAhKqTGRpS3IXiLLy+TxkXZuyxX7ivF6k0WRw6O4QRK4MEVVOEOalAHCgKe4RXenEfnxXl3PuatK042cwR/4Hz+AMerjyg=</latexit>

⇧(a, b)

)
<latexit sha1_base64="6h9vTWUJSO6OoDIyRYpfSbyeq6Y=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV1FvBi8cq9gPSUDbbTbt0kw27E6WU/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6Lrfzsrq2vrGZmGruL2zu7dfOjhsGpVpxhtMSaXbITVcioQ3UKDk7VRzGoeSt8LhzdRvPXJthEoecJTyIKb9RESCUbSS37kX/QFSrdVTt1R2K+4MZJl4OSlDjnq39NXpKZbFPEEmqTG+56YYjKlGwSSfFDuZ4SllQ9rnvqUJjbkJxrOTJ+TUKj0SKW0rQTJTf0+MaWzMKA5tZ0xxYBa9qfif52cYXQVjkaQZ8oTNF0WZJKjI9H/SE5ozlCNLKNPC3krYgGrK0KZUtCF4iy8vk2a14p1XqncX5dp1HkcBjuEEzsCDS6jBLdShAQwUPMMrvDnovDjvzse8dcXJZ47gD5zPH4+0kWg=</latexit>



The Least-Squares Technique — Linear Model
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The Least-Squares Technique — Linear Model

One obtains:

)
<latexit sha1_base64="6h9vTWUJSO6OoDIyRYpfSbyeq6Y=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV1FvBi8cq9gPSUDbbTbt0kw27E6WU/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6Lrfzsrq2vrGZmGruL2zu7dfOjhsGpVpxhtMSaXbITVcioQ3UKDk7VRzGoeSt8LhzdRvPXJthEoecJTyIKb9RESCUbSS37kX/QFSrdVTt1R2K+4MZJl4OSlDjnq39NXpKZbFPEEmqTG+56YYjKlGwSSfFDuZ4SllQ9rnvqUJjbkJxrOTJ+TUKj0SKW0rQTJTf0+MaWzMKA5tZ0xxYBa9qfif52cYXQVjkaQZ8oTNF0WZJKjI9H/SE5ozlCNLKNPC3krYgGrK0KZUtCF4iy8vk2a14p1XqncX5dp1HkcBjuEEzsCDS6jBLdShAQwUPMMrvDnovDjvzse8dcXJZ47gD5zPH4+0kWg=</latexit>

)
<latexit sha1_base64="6h9vTWUJSO6OoDIyRYpfSbyeq6Y=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV1FvBi8cq9gPSUDbbTbt0kw27E6WU/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6Lrfzsrq2vrGZmGruL2zu7dfOjhsGpVpxhtMSaXbITVcioQ3UKDk7VRzGoeSt8LhzdRvPXJthEoecJTyIKb9RESCUbSS37kX/QFSrdVTt1R2K+4MZJl4OSlDjnq39NXpKZbFPEEmqTG+56YYjKlGwSSfFDuZ4SllQ9rnvqUJjbkJxrOTJ+TUKj0SKW0rQTJTf0+MaWzMKA5tZ0xxYBa9qfif52cYXQVjkaQZ8oTNF0WZJKjI9H/SE5ozlCNLKNPC3krYgGrK0KZUtCF4iy8vk2a14p1XqncX5dp1HkcBjuEEzsCDS6jBLdShAQwUPMMrvDnovDjvzse8dcXJZ47gD5zPH4+0kWg=</latexit>
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The Least-Squares Technique — Linear Model
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Matrix 
inversion

<latexit sha1_base64="/NWOyRbSR6nATJQn7xMwVTHpgE0=">AAAB+HicbVA9SwNBEN2LXzF+5NTSZjEIVuFORC2DNhYWEcwHJEfY2+wlS/Z2j905JR75JTYWitj6U+z8N26SKzTxwcDjvRlm5oWJ4AY879sprKyurW8UN0tb2zu7ZXdvv2lUqilrUCWUbofEMMElawAHwdqJZiQOBWuFo+up33pg2nAl72GcsCAmA8kjTglYqeeWu7csAs0HQyBaq8eeW/Gq3gx4mfg5qaAc9Z771e0rmsZMAhXEmI7vJRBkRAOngk1K3dSwhNARGbCOpZLEzATZ7PAJPrZKH0dK25KAZ+rviYzExozj0HbGBIZm0ZuK/3mdFKLLIOMySYFJOl8UpQKDwtMUcJ9rRkGMLSFUc3srpkOiCQWbVcmG4C++vEyap1X/vHp2d1apXeVxFNEhOkInyEcXqIZuUB01EEUpekav6M15cl6cd+dj3lpw8pkD9AfO5w87JJN6</latexit>,
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This leads to: 

The equations of the Linear Model can be written as 



Summary — Linear Model:  f(x)=a+b x

<latexit sha1_base64="gpcvmMX5vkJy8+uNPFsUoVTwJzM="></latexit>

Error : �2 ⌘ 1

n

nX

i=1

(yi � f(xi))
2



The Least-Squares Technique — 2nd order polynomial data fitting

Least squares error

Minimize error 

3 unknowns



The Least-Squares Technique — 2nd order polynomial data fitting



The Least-Squares Technique — 2nd order polynomial data fitting
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The Least-Squares Technique — 2nd order polynomial data fitting
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<latexit sha1_base64="uVRo5ps0KGUx5iXt0SFOObJX7mg="></latexit>

,
<latexit sha1_base64="HzH7zmbT4JOrljT1JZhUQbFIhdQ=">AAAB+HicbVA9SwNBEN3zM8aPnFraLAbBKtxFQSsJ2FhYRDAfkBxhb7OXLNnbPXbnlHjkl9hYKGLrT7Hz37hJrtDEBwOP92aYmRcmghvwvG9nZXVtfWOzsFXc3tndK7n7B02jUk1ZgyqhdDskhgkuWQM4CNZONCNxKFgrHF1P/dYD04YreQ/jhAUxGUgecUrASj231L1lEWg+GALRWj323LJX8WbAy8TPSRnlqPfcr25f0TRmEqggxnR8L4EgIxo4FWxS7KaGJYSOyIB1LJUkZibIZodP8IlV+jhS2pYEPFN/T2QkNmYch7YzJjA0i95U/M/rpBBdBhmXSQpM0vmiKBUYFJ6mgPtcMwpibAmhmttbMR0STSjYrIo2BH/x5WXSrFb8s0r17rxcu8rjKKAjdIxOkY8uUA3doDpqIIpS9Ixe0Zvz5Lw4787HvHXFyWcO0R84nz84UJNx</latexit>

Mij uj = sj
<latexit sha1_base64="hu9fE4XfvIxerwqkvbEhqSssRFs=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBhZSkCroRCrpwI1SwD2hDmEwn7bSTBzMTsYT8ihsXirj1R9z5N07bLLT1wIXDOfdy7z1ezJlUlvVtFFZW19Y3ipulre2d3T1zv9ySUSIIbZKIR6LjYUk5C2lTMcVpJxYUBx6nbW98PfXbj1RIFoUPahJTJ8CDkPmMYKUl1yzfuSkbZb1TlLgjdIWkO3LNilW1ZkDLxM5JBXI0XPOr149IEtBQEY6l7NpWrJwUC8UIp1mpl0gaYzLGA9rVNMQBlU46uz1Dx1rpIz8SukKFZurviRQHUk4CT3cGWA3lojcV//O6ifIvnZSFcaJoSOaL/IQjFaFpEKjPBCWKTzTBRDB9KyJDLDBROq6SDsFefHmZtGpV+6xauz+v1G/yOIpwCEdwAjZcQB1uoQFNIPAEz/AKb0ZmvBjvxse8tWDkMwfwB8bnD46Tk3s=</latexit>

(i, j = 1,2,3) 

<latexit sha1_base64="hfdyynfgYhGDdK6bGK/PjuSQSM4=">AAACBHicbVC7SgNBFL3rM8bXqmWawSBYaNgN4qMQAjY2QgTzgGRdZieTZJLZBzOzQli2sPFXbCwUsfUj7PwbJ8kWmnjgwuGce7n3Hi/iTCrL+jYWFpeWV1Zza/n1jc2tbXNnty7DWBBaIyEPRdPDknIW0JpiitNmJCj2PU4b3vBq7DceqJAsDO7UKKKOj3sB6zKClZZcs4Bil6FLdOMmbJAm6X1ybKftI4SkO3DNolWyJkDzxM5IETJUXfOr3QlJ7NNAEY6lbNlWpJwEC8UIp2m+HUsaYTLEPdrSNMA+lU4yeSJFB1rpoG4odAUKTdTfEwn2pRz5nu70serLWW8s/ue1YtU9dxIWRLGiAZku6sYcqRCNE0EdJihRfKQJJoLpWxHpY4GJ0rnldQj27MvzpF4u2ael8u1JsXKRxZGDAuzDIdhwBhW4hirUgMAjPMMrvBlPxovxbnxMWxeMbGYP/sD4/AGFcJa4</latexit>

ui = Mij
�1 sj)

<latexit sha1_base64="6h9vTWUJSO6OoDIyRYpfSbyeq6Y=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV1FvBi8cq9gPSUDbbTbt0kw27E6WU/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6Lrfzsrq2vrGZmGruL2zu7dfOjhsGpVpxhtMSaXbITVcioQ3UKDk7VRzGoeSt8LhzdRvPXJthEoecJTyIKb9RESCUbSS37kX/QFSrdVTt1R2K+4MZJl4OSlDjnq39NXpKZbFPEEmqTG+56YYjKlGwSSfFDuZ4SllQ9rnvqUJjbkJxrOTJ+TUKj0SKW0rQTJTf0+MaWzMKA5tZ0xxYBa9qfif52cYXQVjkaQZ8oTNF0WZJKjI9H/SE5ozlCNLKNPC3krYgGrK0KZUtCF4iy8vk2a14p1XqncX5dp1HkcBjuEEzsCDS6jBLdShAQwUPMMrvDnovDjvzse8dcXJZ47gD5zPH4+0kWg=</latexit>



Tips & Tricks: Fitting Exponential Data

<latexit sha1_base64="FbbYWfIufjhp06Ny7LpcRYHCseM=">AAACBnicbVDJSgNBEO1xN26jHkVoDEIECTMiLgdB8OJRwSyQGUNNp8Y09ix094hhyMmLv+LFgyJe/QZv/o2dZA4afVDweK+KqnpBKrjSjvNlTUxOTc/Mzs2XFhaXllfs1bW6SjLJsMYSkchmAAoFj7GmuRbYTCVCFAhsBLdnA79xh1LxJL7SvRT9CG5iHnIG2khtezOs3O/QE+qBSLtAvV2K17kXoAZ6T/ttu+xUnSHoX+IWpEwKXLTtT6+TsCzCWDMBSrVcJ9V+DlJzJrBf8jKFKbBbuMGWoTFEqPx8+EafbhulQ8NEmoo1Hao/J3KIlOpFgemMQHfVuDcQ//NamQ6P/JzHaaYxZqNFYSaoTuggE9rhEpkWPUOASW5upawLEpg2yZVMCO74y39Jfa/qHlT3LvfLp8dFHHNkg2yRCnHJITkl5+SC1AgjD+SJvJBX69F6tt6s91HrhFXMrJNfsD6+ATfAlww=</latexit>

f(x) = ↵ e�x

<latexit sha1_base64="3F7VAXwF2vGqx3StQG3quWgcGdA="></latexit>

ln f(x) = ln
�
↵ e�x

�
= ln↵+ � x

y a b

}}}

<latexit sha1_base64="kWy+Gc/SPYhhNAYV/gIOXbM6HAY=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBahopSkiI+FUHDjsoJ9QBvKZDpph04mYWYiLaG/4saFIm79EXf+jdM2C60euHA4517uvcePOVPacb6s3Mrq2vpGfrOwtb2zu2fvF5sqSiShDRLxSLZ9rChngjY005y2Y0lx6HPa8ke3M7/1SKVikXjQk5h6IR4IFjCCtZF6dnFSHp+gG4TRKfJR9wyNUc8uORVnDvSXuBkpQYZ6z/7s9iOShFRowrFSHdeJtZdiqRnhdFroJorGmIzwgHYMFTikykvnt0/RsVH6KIikKaHRXP05keJQqUnom84Q66Fa9mbif14n0cGVlzIRJ5oKslgUJBzpCM2CQH0mKdF8YggmkplbERliiYk2cRVMCO7yy39Js1pxLyrV+/NS7TqLIw+HcARlcOESanAHdWgAgTE8wQu8WlPr2Xqz3hetOSubOYBfsD6+AcfUkao=</latexit>

y(x) = a+ b x)
<latexit sha1_base64="6h9vTWUJSO6OoDIyRYpfSbyeq6Y=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV1FvBi8cq9gPSUDbbTbt0kw27E6WU/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6Lrfzsrq2vrGZmGruL2zu7dfOjhsGpVpxhtMSaXbITVcioQ3UKDk7VRzGoeSt8LhzdRvPXJthEoecJTyIKb9RESCUbSS37kX/QFSrdVTt1R2K+4MZJl4OSlDjnq39NXpKZbFPEEmqTG+56YYjKlGwSSfFDuZ4SllQ9rnvqUJjbkJxrOTJ+TUKj0SKW0rQTJTf0+MaWzMKA5tZ0xxYBa9qfif52cYXQVjkaQZ8oTNF0WZJKjI9H/SE5ozlCNLKNPC3krYgGrK0KZUtCF4iy8vk2a14p1XqncX5dp1HkcBjuEEzsCDS6jBLdShAQwUPMMrvDnovDjvzse8dcXJZ47gD5zPH4+0kWg=</latexit>

)
<latexit sha1_base64="6h9vTWUJSO6OoDIyRYpfSbyeq6Y=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV1FvBi8cq9gPSUDbbTbt0kw27E6WU/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6Lrfzsrq2vrGZmGruL2zu7dfOjhsGpVpxhtMSaXbITVcioQ3UKDk7VRzGoeSt8LhzdRvPXJthEoecJTyIKb9RESCUbSS37kX/QFSrdVTt1R2K+4MZJl4OSlDjnq39NXpKZbFPEEmqTG+56YYjKlGwSSfFDuZ4SllQ9rnvqUJjbkJxrOTJ+TUKj0SKW0rQTJTf0+MaWzMKA5tZ0xxYBa9qfif52cYXQVjkaQZ8oTNF0WZJKjI9H/SE5ozlCNLKNPC3krYgGrK0KZUtCF4iy8vk2a14p1XqncX5dp1HkcBjuEEzsCDS6jBLdShAQwUPMMrvDnovDjvzse8dcXJZ47gD5zPH4+0kWg=</latexit>
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